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Motivation

Mendez et al. (2010): First entirely G6&sed grounebased PM study of FornaSph
(m-M), ~20.8Y PM~few x 0.1 mas/r
1.5 mas positional accuracy @ 5@ ¢ oo Pp YO b{dZz{ LH oOondny
Astrometry limited by positional precision amdiv. QSOgsnot registration.

| {¢ OHPPYUOUDB2Ct/ O6ndmM AKLIAELVL NBRETA.§Z F2NI 2

HST finer pixels, diffraction limitedundersampledhough), low background
Groundbased Wider PSF (oversampled), higher background, high Sihbign

What are the main limitations to positional uncertamt for a point
source, as a function of detector, source

[{2YS 402YY2\

2 % Lennart Lindegren, 1997: GAIA Technical Note S y

Astrometry improves as S/N
Astrometry degrades as FWH
Astrometry degrades fanndersample

1 Astrometric precision fol direct fringe detection (vl)
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Astrometric Accuracy during 2000 Years

Hipparchus/Ptolelny -1028 stars | | | | |
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Y prompts us to revisit the question of the maximum attainable astrometric precision
Do practical estimators approach that limit?
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Given a set of measuremer/; il (nX that follow and underlying distributic /5

that depends on parameteay:

What is theminimum varianc®f the parameter?
Howdo we estimatghe parameter?

Optimal parameter estimationan, in general, be formulated using

GRSON&A2YI¢ UGUKS2NEB o6/ 20SN] 9 | THEORY

Claude Shannon, 1948 (19661 n Mm0OY a! Yl GKSY!Il GA Ol
(transmission of information over a noisy channel).

This framework can also provide absolute lower bounds to the
uncertaintyof these estimators.

The CrameRao (CR) lower uncertainty bound
determines the minimum theoretical variance
achievable bynyunbiased estimator

g (Stuart,Ord, & Arnold 2004).
Inference
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Parameter estimation & th€rameérRao minimum variance bound

A() = arg minVar(6(I,,....1,))

0 Untractable as it requires knowledge of the

=arg minky, g (01, ... 1) = OF

unknowng Y performance bounds

HaraldCramér(1946).

a !contributionto the theory of statisticalestimatiore
Scandinavia\ctuarialJournall: 8594

CalyampudRadakrishnd&ao (1945

"Information and accuracy attainalble

In the estimation of statistical paramete

Bulletin of the Calcutta Mathematical Soci&f§ 81¢89
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Let 6() be an unbiased estimator of 8. If we define the function L(/I4,...,[,;#) as the
likelihood of the observation given the model parameter 6, and we have n independent
random variables I; driven by the probability function fy, then the Cramér-Rao bound

states that:

1
Zo(n)

R A 2
Var(d(li, -, ) = En,,. 1up (9(11, - . 9) >

provided that we satisfy the constraint:

and where:

2
a C A inferedibnabout gé | Zy(n) =Efy_1,sr ((ilnL(h,---,InJQ)) )




Why would you care about fundamental bounds?

U Can | reach my science goals with a given instrument

and observing conditions?

Observing proposal preparation
Observational planning and strategy
9¢/ a X 20aSNIIFU2NASAX

U How can | best design my instrument?

Requirements on the site conditions to reach
certain precision?

U Am | obtaining the most out of my observations?

Calibration steps, reduction strategies
System performance monitoring

U Is my reduction protocol adequate?
Are my results biased?...



Data analysis on parametric statistics
(incl. computing the CR bound!)

——> specify a model of the observations

Our model includes two ingredients:

A deterministiccomponent:
The distribution of light consists of a point spread function which
characterizes the source, plus a background (sky, detector).

A stochasticcomponent:
The distribution of brightness follows a Poisson distribution
(mass) function, driven by the expected fl@xeach pixel.



Deterministic part: Sourceflux (photo-e") All backgrounde )

per pixel per pixel
zé'o‘ ‘Q p8 ¢ pixels(lineararray)
P Totalsourceflux Peep

O
> N
FE; (F L) — F - 4, (QEC) <—— Normalizedpixel response

Point spread function
N /

© D(x)dx

|

NB: Sdar no intra-pixel responsdunction,
no FF (QBE)ncertaintie
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_ —A AT Poisson distribution
Stochastic part: f‘}k (I) 7 (photon counting statistics)
. with meanl
- shot noise-

In L(T: (2o, F)) = 37, ([i In N\ (2o, F) — \i(xe, F) — In m)

hyS OlYy OSNATeée UKIG 0KS /w O2YyRAUOAZ2YA | N

b
-

P

CR minimum variance of position |:

} 2
_ ‘\:isher iInformation

. IE s Bz} aboutx,
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CramérRaoboundlinear detectorY
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Astrometric Crameéw | 2
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20% gain irs .. @ S/N = 50
by suppressing background !



CramérRaolimit as a function of detector & source parameters

RON =%, G = 2 /ADU, f= 2000 ADU/aresec, FWHM = 1 asec
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Comparisons to real astrometric data

HST beats groundased, despite beingndersampled
(mostly due to lowbackground & small image size)

Groundbased(NTT+Su3*band), F = 1000 ADU
f,= 3000 ADUarcse¢ FWHM = 0.4&rcse¢Dx = 0.08rcsec

A(CR) =1.7 mas

XM®dp YIF & NBLRAA.QRO)GE aSyRSI

HST WFPCE = 2900 ADUscaling by aperturandexp. time)
f.= 30 ADUdrcse¢ FWHM = 0.&rcse¢Dx = 0.larcsec

A (CR)= 0.2 mas

X®nPHp YI &Pidtidketd? (RODHR 0 &



Smalipixel pighres)approximation(ax/ AL X

L. Lindegren, 1978 s, ©~ FWHM/(S/N), no background
l. King, 1983, 18 s, B4YF @ low S/N

p s,” 1/F* @ high SIN
G. Gatewood, 1985, MP s,” 1/F% @ moderate/high S/

Vi B_.FWHM? .
O'%R A 2(21n2)3/2 . G F? T Az if £ < b
1 1 2 s
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