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Mendez et al. (2010): First entirely CCD-based ground-based PM study of Fornax dSph
(m-M)0~20.8 Ý PM ~few x 0.1 mas/yr

1.5 mas positional accuracy @ ESO-b¢¢ όоΦрƳύҌ{ǳ{Lн όлΦлу άκǇƛȄύΦ
Astrometry limited by positional precision on indiv. QSOs, not registration.

I{¢ όнΦрƳύҌ²Ct/ όлΦм άκǇƛȄύ ǊŜǎǳƭǘΣ ŦƻǊ ǎƛƳƛƭŀǊ v{hǎΣ ǊŜŀŎƘŜǎ лΦнр Ƴŀǎ ό6³NTT!...)

HST finer pixels, diffraction limited (undersampledthough), low background
Ground-based Wider PSF (oversampled), higher background, high S/N (in pple.)

What are the main limitations to positional uncertainty for a point 
source, as a function of detector, source & background properties?

{ƻƳŜ άŎƻƳƳƻƴ ǿƛǎŘƻƳέ ŜƭŜƳŜƴǘǎΥ

Astrometry improves as S/N increases
Astrometry degrades as FWHM degrades

Astrometry degrades for undersampledimages (HST?)

Motivation

Lennart Lindegren, 1997: GAIA Technical Note
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Ý prompts us to revisit the question of the maximum attainable astrometric precision
Do practical estimators approach that limit?
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Given a set of measurements      (iҐмΧn) that follow and underlying distribution       
that depends on parameter q:

What is the minimum variance of the parameter?
Howdo we estimate the parameter?

Optimal parameter estimation can, in general, be formulated using
άŘŜŎƛǎƛƻƴ-ƳŀƪƛƴƎέ ǘƘŜƻǊȅ ό/ƻǾŜǊ ϧ ¢ƘƻƳŀǎ нллсύΦ

Claude Shannon, 1948 (1916-нллмύΥ ά! ƳŀǘƘŜƳŀǘƛŎŀƭ ǘƘŜƻǊȅ ƻŦ ŎƻƳƳǳƴƛŎŀǘƛƻƴέ
(transmission of information over a noisy channel).

This framework can also provide absolute lower bounds to the
uncertainty of these estimators.

The Cramer-Rao (CR) lower uncertainty bound 
determines the minimum theoretical variance 
achievable byanyunbiased estimator
(Stuart, Ord, & Arnold 2004).
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1893-1985 1920

HaraldCramér(1946).
ά! contributionto the theoryof statisticalestimationέ
ScandinavianActuarial Journal1: 85-94

CalyampudiRadakrishnaRao (1945). 
"Information and accuracy attainable

in the estimation of statistical parameters"
Bulletin of the Calcutta Mathematical Society37: 81ς89

Untractable, as it requires knowledge of the
unknown q Ý performance bounds

Parameter estimation & the Cramér-Rao minimum variance bound

NAOC Colloquium - October 2018 - Rene A. Mendez



άCƛǎƘŜǊ informationaboutqέ



Why would you care about fundamental bounds?

üCan I reach my science goals with a given instrument 
and observing conditions?

Observing proposal preparation
Observational planning and strategy
9¢/ǎ Ϫ ƻōǎŜǊǾŀǘƻǊƛŜǎΧ

ü How can I best design my instrument?
Requirements on the site conditions to reach
certain precision?

üAm I obtaining the most out of my observations?
Calibration steps, reduction strategies
System performance monitoring

üIs my reduction protocol adequate?
Are my results biased?...
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A stochastic component:
The distribution of brightness follows a Poisson distribution
(mass) function, driven by the expected flux @each pixel.

Data analysis on parametric statistics
(incl. computing the CR bound!)

specify a model of the observations

Our model includes two ingredients:

A deterministiccomponent:
The distribution of light consists of a point spread function which 
characterizes the source, plus a background (sky, detector).
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Deterministic part:

Total sourceflux

Normalizedpixel response

Sourceflux (photo-e )̄
per pixel

All background(e )̄
per pixel

Point spread function

Ὥ ρȣὲpixels(linear array)

NB: So far no intra-pixel response function,
no FF (QE) uncertaintiesΧ

li(Xc)

Xci =
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Stochastic part:

hƴŜ Ŏŀƴ ǾŜǊƛŦȅ ǘƘŀǘ ǘƘŜ /w ŎƻƴŘƛǘƛƻƴǎ ŀǊŜ ƳŜǘΧ

Poisson distribution
(photon counting statistics) I,

with mean l
- shot noise -

CR minimum variance of position
Fisher information

about xc
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ΧƴŜŜŘǎ ǇǊŜǎŎǊƛǇǘƛƻƴ ŦƻǊ ǘƘŜ flux (PSF) and the background όǎƪȅΣ ŘŜǘŜŎǘƻǊύΧ

Cramér-Raoboundlinear detector Ý
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Gaussiant{CΧ

(Inverse) gainof detector in e /̄ADU
B, F in ADU

Background: Sky+ Detector

ά9ȄŀŎǘέ ŜȄǇǊŜǎǎƛƻƴ ςdiscrete!

NB: RON as Poisson
ōǳǘ ǊŜŀƭƭȅ DŀǳǎǎƛŀƴΧ



Astrometric Cramér-wŀƻ ōƻǳƴŘ ŀǎ ŀ ŦǳƴŎǘƛƻƴ ƻŦ {κb ƻŦ ǘƘŜ ǎƻǳǊŎŜΧ

FWHM = 1.0 arcsec

FWHM = 0.5 arcsec

Dx = 0.2 arcsec, D = 0 e-, RON = 5 e-, G = 2 e-/ADU

Solid: fs = 2,000 ADU/arc-sec
Dashed: fs = 0 ADU/arc-sec

20% gain in sXc @ S/N = 50
by suppressing background !
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Cramér-Raolimit as a function of detector & source parameters

RON = 5 e ,̄ G = 2 e /̄ADU , fs= 2000 ADU/arc-sec, FWHM = 1 arc-sec

F=1000 ADU, S/N=20

F=5000 ADU, S/N=74
F=50000 ADU, S/N=300

1/50th of a pixϪ лΦрέκpix

Pixel size
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Groundbased(NTT+SuSIR-band), F = 10000 ADU
fs = 3000 ADU/arcsec, FWHM =  0.45 arcsec, Dx = 0.08 arcsec

ʎx(CR) = 1.7 mas

ΧмΦр Ƴŀǎ ǊŜǇƻǊǘŜŘ ōȅ aŜƴŘŜȊ et al. (2010) !

HST WFPC2, F = 25000 ADU(scaling by aperture and exp. time)
fs = 30 ADU/arcsec, FWHM =  0.1 arcsec, Dx = 0.1 arcsec

ʎx(CR)= 0.2 mas 

ΧΦлΦнр Ƴŀǎ ǊŜǇƻǊǘŜŘ ōȅ Piateket al. (2002) !

Comparisons to real astrometric data
HST beats ground-based, despite being undersampled

(mostly due to low-background & small image size)
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Small-pixel (high-res) approximation(ɝx / ʎḺ ρΧ

ᵽ

/ŀǇǘǳǊŜǎ ǘƘŜ ŀǎǘǊƻƳŜǘǊƛŎ άŎƻƳƳƻƴ ǿƛǎŘƻƳέΧ
Quite resilient to high-ǊŜǎ ŀǇǇǊƻȄƛƳŀǘƛƻƴΧ

L. Lindegren, 1978 Ýsx ´FWHM/(S/N), no background

I. King, 1983, LS Ý sx  ́ B½/F  @ low  S/N
sx´1/F½ @ high S/N

G. Gatewood, 1985, MP Ýsx´1/F½ @ moderate/high S/N


